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Abstract
We compute various processes involving neutrinos in the initial
and/or final state and we assume that neutrinos have energy momen-
tum relation with a general power law E2 = p2 + ξnp
n correction due
to Lorentz invariance violation. We find that for n > 2 the bounds
on ξn from direct time of flight measurement are much more stringent
than from constraining the neutrino Cerenkov decay process.
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1 Introduction
The OPERA observation [1] of superluminal neutrinos has been ruled out by
the measurement by ICARUS [2] which puts an upper bound on the super-
luminality of neutrinos at δ < 2.3× 10−7. An phenomenological consequence
of neutrinos being superluminal was the observation by Cohen and Glashow
(GC)[3] and others [4, 5, 6, 7] that superluminal neutrinos are kinematically
allowed to emit pairs of e+e− and would thereby lose most of their energy
during the CERN-Gran Sasso flight of 730 km [3]. ICARUS experiment [8]
searched for the Cerenkov emission of electrons in the same CERN-CNGS
to Gran Sasso neutrino beams, where according to the GC calculation, 63%
of the neutrinos are expected to decay and no anomalous e+e− events were
detected. Using this a much stronger bound δ < 2.5 × 10−8 can be put on
the superluminal neutrinos. Another problem with superluminal neutrinos
which has been discussed [9, 4, 10, 11] is that the change in neutrino energy-
momentum relation restricts the phase-space for the pi → νµ process and the
pion lifetime would be larger for the OPERA neutrinos produced by the pion
decay from the CERN-CNGS beam.
In a measurement by MINOS [12] it was found that muon neutrinos of
average energy 3 GeV traversing a distance 730 km exceed c by an amount,
δ(E = 3GeV ) = (5.1±2.9)×10−5. This however is in contrast to the neutrino
observations from supernova SN 1987a [13, 14] where over a flight path of 51
kpc, the neutrinos with energy in the band (7.5− 39) MeV all arrived within
a time span of 12.4 sec and the optical signal arrived after 4 hours of the
neutrino signal (consistent with prediction of supernova models) from which
it is inferred that δ(E = 15MeV ) ≤ 10−9.
In the present paper we calculate the rates for e+e− radiation from neutri-
nos and pion decay assuming that the neutrinos obey the energy momentum
relation of the form E2 = m2 + p2 + ξnp
n. This is motivated by Horava-
Lifshitz type field theories [15, 16] where the higher derivative terms break
Lorentz invariance at high scale but help in removing ultraviolet divergence.
We find that for n > 2 the bounds on ξn from direct time of flight measure-
ment [2] are much more stringent than from constraining the Cerenkov decay
process during the Cern to Gran-Sasso flight of neutrinos [8]. This is unlike
the case for n = 2 studied by Glashow-Cohen [3] and [9, 4, 10, 11] where the
constraint on Lorentz violation from the kinematically forbidden processes is
more stringent than from the time of flight measurement.
Models which explain the Opera result of superluminal neutrinos and
which have a bearing on the question of Cerenkov emission from neutrinos
or the pion decay kinematics fall broadly in the following categories:
1
1. Deformed Lorentz symmetry models [17, 18, 19, 20, 21, 22, 23] where
the dispersion relations change from the usual p2 = m2 form to a dif-
ferent form which is still covariant under the modified Lorentz trans-
formations. In this picture the processes which are forbidden in one
reference frame (like the rest frame of the massive neutrinos) will be
forbidden also in the lab frame.
2. Lorentz invariance violation as in Lifshitz type field theories [15, 16, 24,
25, 26], from a gauge singlet SUSY sector [27] or a hidden sector[28],
environmental couplings [29, 30, 31, 32, 33, 34, 35], dynamical symme-
try breaking [37, 38], Fermi-point splitting [39], space-time fluctuations
[40] and string theory [41].
In this paper we we consider the following general dispersion relation
motivated by Horava-Lifshitz theories
E2 = m2 + p2 + ξnp
n (1)
where n = 2, 3, 4.. etc. The difference between the superluminal neutrino
velocity and the speed of light (taken to be 1) is then given by
δ =
∂E
∂p
− 1 ' n− 1
2
ξnp
n−2, n = 2, 3, 4 . . . (2)
The ICARUS time of flight experiment [2] has observed neutrinos and the
time difference between the neutrino time of flight (tof) and the calculated
photon tof is δt = 0.3 ± 4.9(stat) ± 9.3(stat) for neutrino energy Eν = 12.5
GeV and a distance (731278.0± 0.2)m from CERN-CNGS to the detector in
Gran Sasso. This corresponds to a neutrino superluminality by the amount
[1],
δ(E = 12.5GeV) =
vν − c
c
< 2.3× 10−7 (3)
From (2) and (3) we put constraints on ξn from the tof experiment [2].
The Cerenkov decay constraint comes from the earlier ICARUS experi-
ment [8] where the expected number of CC neutrino events is 315±5 and the
observed number is 308. This corresponds to a bound on the decay length
cτ of neutrinos given by
0.04 < exp(−cτ/731.2km). (4)
We calculate the neutrino Cerenkov decay length cτ using the generalised
dispersion relations (1) and constraint ξn from the experimental bound (4).
The upper bounds on the Lorentz violating parameter ξn for different n
obtained from the tof experiment [2] and Cerenkov decay experiment [8] are
displayed in Table 1.
2
n
Upper bound on ξn
Time of flight [2] Cerenkov process[8]
2 4.6× 10−7 1.7× 10−5
3 5.9× 10−8 GeV−1 1.3× 10−6 GeV−1
4 3.8× 10−10 GeV−2 1.0× 10−7 GeV−2
5 2.5× 10−11 GeV−3 7.9× 10−9 GeV−3
6 1.7× 10−12 GeV−4 6.3× 10−10 GeV−4
7 1.2× 10−13 GeV−5 5.0× 10−11 GeV−5
Table 1: Upper bounds on the Lorentz violating parameter ξn for different n
obtained from the tof experiment [2] and neutrino Cerenkov decay experiment
[8]
2 νµ → νµe+e−
We compute the process νµ(p)→ νµ(p′)e+(k)e−(k′) for GeV energy neutrinos.
We will use the dispersion relations (1) for neutrinos in the Lab frame, and
we will assume that all other particles have the standard energy-momentum
relations, and we will assume energy momentum conservation in all reference
frames. This generalises the Glashow-Cohen calculation for the same process
for the n = 2 energy independent δ case.
The amplitude squared for the process is given by
|M |2 =32G2F
[
(p · k′)(p′ · k) (1− 4 sin2 θW + 8 sin4 θW )] . (5)
The decay rate of the neutrino is in general given by
Γ =
1
8(2pi)5
∫
d3p′
E ′ν
d3k′
E ′e
|M |2
Eν
δ
(
(p− p′ − k′)2) (6)
Without loss of generality we can choose
p = (Eν , 0, 0, |p|)
p′ = (E ′ν , |p′| sin θ, 0, |p′| cos θ)
k′ = E ′e(1, cosφ sin θ1, sinφ sin θ1, cos θ1).
The argument of the δ function in eq.(6) can be as
(p− p′ − k′)2 = ξn
(
pn−1 − (p′)n−1) (p− p′)− pp′θ2 − E ′eD
3
where
D = ξn
(
pn−1 − (p′)n−1)− p′ (θ2 + θ21)+ pθ21 + 2p′θθ1 cosφ (7)
Here we will assume that the transverse energy is very small and of the order
of ξnp
n−2, therefore we keep only the leading order terms in θ, θ1 and ξn.
From here on we shall use the notation p and p′ to denote |p| and |p′|.
Now to fix the limits of the θ2 and θ21 integrals we need to find their
maximum values from the δ-function condition i.e
DE ′e = ξn
(
pn−1 − (p′)n−1) (p− p′)− pp′θ2 (8)
For the maximum value of θ we set E ′e = 0 in the above equation so that
have
θ2max =
ξn (p
n−1 − (p′)n−1) (p− p′)
pp′
(9)
And similarly setting p′ = 0 and the electron energy at its maximum i.e
E ′e = p/2 in the δ-function condition we have,
(θ21)max = ξnp
n−2 (10)
We make the following change of variables to pull out the factors of ξn
and p from the integrand :
p′ → x p, , θ → ξn pn−2 θ˜ , θ1 → ξn pn−2 θ˜1
Using the above definitions in eq.(5) and substituting in eq.(6) gives the rate
of electron-positron pair emission as
Γ =
G2F
16pi4
(
ξnp
n−2)3 p5 (1− 4 sin2 θW + 8 sin4 θW ) ∫ 1
0
dx
∫ (1−x)(1−x3)
x
0
dθ˜∫ 1
0
dθ˜1
∫ 2pi
0
dφ f(x, θ˜, θ˜1, φ) (11)
where f is complicated function of x, θ˜ and θ˜1 [42].
After numerically solving this integral we get the following expression for
the rate of electron-positron pair emission the general formula for the decay
width of neutrino splitting process ν(p)→ ν(p′)e+(k)e−(k′) comes out to be
Γ =
G2F
16pi4
(
1− 4 sin2 θW + 8 sin4 θW
)
In
[
ξn p
n−2]3 p5 (12)
In eq.(12) In is an integral of a function depending on n. The values of In
and Γ for different values of n are given in Table 2. Using cτ for different n
4
n 2 3 4 5 6 7 8
In 1/40 1/31 1/29 1/28 1/28 1/28 1/28
Table 2: Values of integral In in eqn.(12) for different values of n and for
Eν = 12.5GeV.
and comparing with the experimental bound from ICARUS[8] shown in (4)
we obtain the bounds on the Lorentz violating parameter ξn for different n
displayed in Table 1.
This generalises our earlier calculation of the n = 2 and n = 4 cases [42].
Exact analytical calculations for the n = 2 case has been done [3, 42, 43, 44,
45]. Our result for the decay width is smaller than the corresponding result
of [3] and [44] by a factor of 2/3 but is in closer agreement with the results
of [43, 45].
3 Pion Decay
We calculate the pion decay width in the lab frame with a superluminal
neutrino in the final state. We assume the dispersion relation E2 = (p2+ξnp
n)
in the lab frame. The amplitude squared for the process pi−(q)→ µ−(p)ν¯µ(k)
is,
|M |2 = 4G2Ff 2pim2µ
[
m2pi −m2µ + ξnkn
(
m2pi
m2µ
+ 2
)]
(13)
The decay width is then given by
Γ =
G2Ff
2
pim
2
µ
8piEpi
∫
k dk d cos θ√
|~q − ~k|2 +m2µ
δ(Eν +
√
|~q − ~k|2 +m2µ − Epi)
[
m2pi −m2µ + ξnkn
(
m2pi
m2µ
+ 2
)]
(14)
Writing |~q − ~k|2 = k2 + q2 − 2kq cos θ, where θ is the angle between ~k
and ~q, and Eν = k+ ξnk
n−1/2 we see from the argument of the δ-function in
eq.(14)
cos θ =
(
m2µ −m2pi + 2Epik + ξnkn−1Epi − ξnkn
)
(2kq)−1 (15)
while the derivative of the argument of δ-function with respect to cos θ yields∣∣∣∣ dd cos θ (Eν +
√
|~q − ~k|2 +m2µ − Epi)
∣∣∣∣ = kq√k2 + q2 − 2kq cos θ +m2µ (16)
5
ppi
Γ/Γ0
n = 2 n = 3 n = 4 n = 5 n = 6
10 GeV 0.95 1.0 1.0 1.0 1.0
50 GeV 0.16 0.48 0.62 0.69 0.73
100 GeV 0.04 0.18 0.27 0.32 0.35
200 GeV 0.01 0.06 0.11 0.13 0.15
500 GeV 0.002 0.02 0.03 0.04 0.05
Table 3: Ratio of pion decay width in Lorentz violating framework to its SM
prediction (Γ0) at different values of pion momentum (ppi) for various n.
Substituting this in eq.(14) we get
Γ =
G2Ff
2
pim
2
µ
8piEpi
∫
dk
q
[
m2pi −m2µ + ξnkn
(
m2pi
m2µ
+ 2
)]
(17)
The limits of the k integral are fixed by taking cos θ = ±1 in eq.(15)
kmax =
m2pi −m2µ − ξnkn−1max(Epi − kmax)
2(Epi − q)
kmin =
m2pi −m2µ − ξnkn−1min(Epi − kmin)
2(Epi + q)
(18)
we solve these polynomial equations for kmax and kmin numerically to obtain
the kinematically allowed limits of neutrino momentum. Using these limits
to integrate over the neutrino momentum k we get the decay rate for pion.
The ratio of pion decay rate thus calculated to the standard model prediction
Γ0(pi → µν) = m
2
pi
Epi
(
1− m
2
µ
m2pi
)2
(19)
for different n is shown in the Table 3. The n = 4 case has also been dealt
with in [46] and we are in broad agreement with their result. In Fig. 1 an
approximate numerical calculation of the pion decay width is plotted as a
function of pion momentum for different n.
The decay width for the 100 GeV pions decreases by 65% for n = 6 and
is smaller at higher n.
6
10 20 50 100 200 500
0.10
1.00
0.50
0.20
0.30
0.15
0.70
pΠHGeVL
G
G SM
n=6
n=5
n=4
n=3
n=2
Figure 1: Ratio of pion decay width in Lorentz violating framework (approx-
imate numerical calculation) to its Standard Model prediction as a function
of pion momentum (ppi) for different n.
4 Conclusions
We have computed neutrino processes assuming a power law correction to the
neutrino energy-momentum relations. We conclude that for steep power law
( n ≥ 2) dispersion relations the contraint from the time of flight experiments
is more stringent than from the measuremnet of the Cerenkov e+e− emission
or from the change in the width of pion decay. Our calculation of neutrino
Cerenkov emission and pion decay width in Lorentz violating theories can be
applied for putting bounds on Lorentz violating parameters from the analysis
of high energy cosmic rays. Also, future experiments for measuring neutrino
velocities performed at higher energies will put strong constraints on the
higher derivative Lorentz violation theories [47].
References
[1] T. Adam et al. [ OPERA Collaboration ], “Measurement of the
neutrino velocity with the OPERA detector in the CNGS beam,”
[arXiv:1109.4897 [hep-ex]].
[2] M. Antonello et al. [ICARUS Collaboration], arXiv:1203.3433 [hep-ex].
7
[3] A. G. Cohen, S. L. Glashow, “New Constraints on Neutrino Velocities,”
[arXiv:1109.6562 [hep-ph]].
[4] X. -J. Bi, P. -F. Yin, Z. -H. Yu, Q. Yuan, “Constraints and tests of the
OPERA superluminal neutrinos,” [arXiv:1109.6667 [hep-ph]].
[5] L. Maccione, S. Liberati, D. M. Mattingly, “Violations of Lorentz invari-
ance in the neutrino sector after OPERA,” [arXiv:1110.0783 [hep-ph]].
[6] D. M. Mattingly, L. Maccione, M. Galaverni, S. Liberati, G. Sigl, “Possi-
ble cosmogenic neutrino constraints on Planck-scale Lorentz violation,”
JCAP 1002, 007 (2010) [arXiv:0911.0521 [hep-ph]].
[7] J. M. Carmona, J. L. Cortes, “Constraints from Neutrino Decay on
Superluminal Velocities,” [arXiv:1110.0430 [hep-ph]].
[8] M. Antonello et al. [ ICARUS Collaboration ], “A search for the analogue
to Cherenkov radiation by high energy neutrinos at superluminal speeds
in ICARUS,” [arXiv:1110.3763 [hep-ex]].
[9] L. Gonzalez-Mestres, arXiv:1109.6630
[10] R. Cowsik, S. Nussinov, U. Sarkar, “Superluminal Neutrinos at OPERA
Confront Pion Decay Kinematics,” [arXiv:1110.0241 [hep-ph]].
[11] B. Altschul, “Consequences of Neutrino Lorentz Violation For Leptonic
Meson Decays,” [arXiv:1110.2123 [hep-ph]].
[12] P. Adamson et al. [ MINOS Collaboration ], “Measurement of neutrino
velocity with the MINOS detectors and NuMI neutrino beam,” Phys.
Rev. D76, 072005 (2007) [arXiv:0706.0437 [hep-ex]].
[13] M. J. Longo, “TESTS OF RELATIVITY FROM SN1987a,” Phys. Rev.
D 36, 3276 (1987).
[14] D. Fargion and D. D’Armiento, “Inconsistence of super-luminal Opera
neutrino speed with SN1987A neutrinos burst and with flavor neutrino
mixing,” arXiv:1109.5368 [astro-ph.HE].
[15] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D79,
084008 (2009) [arXiv:0901.3775 [hep-th]].
[16] M. Visser, “Lorentz symmetry breaking as a quantum field theory reg-
ulator,” Phys. Rev. D80, 025011 (2009) [arXiv:0902.0590 [hep-th]].
8
[17] J. Magueijo, “Neutrino oscillations and superluminal propagation, in
OPERA or otherwise,” arXiv:1109.6055 [hep-ph].
[18] Z. Lingli and B. Q. Ma, “Neutrino speed anomaly as a signal of Lorentz
violation,” arXiv:1109.6097 [hep-ph].
[19] G. Amelino-Camelia, L. Freidel, J. Kowalski-Glikman, L. Smolin,
“OPERA neutrinos and relativity,” [arXiv:1110.0521 [hep-ph]].
[20] Y. Ling, arXiv:1111.3716 [hep-ph].
[21] Y. Huo, T. Li, Y. Liao, D. V. Nanopoulos, Y. Qi and F. Wang, “The
OPERA Superluminal Neutrinos from Deformed Lorentz Invariance,”
arXiv:1111.4994 [hep-ph].
[22] Z. Chang, X. Li and S. Wang, “OPERA superluminal neutrinos and
Kinematics in Finsler spacetime,” arXiv:1110.6673 [hep-ph].
[23] G. Guo and X. -G. He, “Dispersion Relations Explaining OPERA Data
From Deformed Lorentz Transformation,” arXiv:1111.6330 [hep-ph].
[24] J. Alexandre, “Lifshitz-type Quantum Field Theories in Particle
Physics,” Int. J. Mod. Phys. A26, 4523 (2011) [arXiv:1109.5629 [hep-
ph]].
[25] J. Alexandre, J. Ellis and N. E. Mavromatos, arXiv:1109.6296 [hep-ph].
[26] E. N. Saridakis, “Superluminal neutrinos in Horava-Lifshitz gravity,”
arXiv:1110.0697 [gr-qc].
[27] G. F. Giudice, S. Sibiryakov, A. Strumia, “Interpreting OPERA results
on superluminal neutrino,” [arXiv:1109.5682 [hep-ph]].
[28] M. Schreck, “Multiple Lorentz groups – a toy model for superluminal
OPERA neutrinos,” arXiv:1111.7268 [hep-ph].
[29] G. Dvali and A. Vikman, “Price for Environmental Neutrino-
Superluminality,” arXiv:1109.5685 [hep-ph].
[30] A. Kehagias, “Relativistic Superluminal Neutrinos,” arXiv:1109.6312
[hep-ph].
[31] M. Matone, “Neutrino speed and temperature,” arXiv:1111.0270 [hep-
ph].
9
[32] R. B. Mann and U. Sarkar, “Superluminal neutrinos at the OPERA?,”
arXiv:1109.5749 [hep-ph].
[33] I. Oda and H. Taira, arXiv:1110.0931 [hep-ph].
[34] S. Sahu and B. Zhang, “Superluminal Neutrinos in a Pseudoscalar Po-
tential,” arXiv:1110.2236 [hep-ph].
[35] A. Hebecker and A. Knochel, “The Price of Neutrino Superluminality
continues to rise,” arXiv:1111.6579 [hep-ph].
[36] F. R. Klinkhamer, “Superluminal muon-neutrino velocity from a Fermi-
point-splitting model of Lorentz violation,” arXiv:1109.5671 [hep-ph].
[37] F. R. Klinkhamer and G. E. Volovik, “Superluminal neutrino and spon-
taneous breaking of Lorentz invariance,” Pisma Zh. Eksp. Teor. Fiz. 94,
731 (2011) [arXiv:1109.6624 [hep-ph]].
[38] S. ’i. Nojiri and S. D. Odintsov, “Could the dynamical Lorentz symmetry
breaking induce the superluminal neutrinos?,” Eur. Phys. J. C 71, 1801
(2011) [arXiv:1110.0889 [hep-ph]].
[39] F. R. Klinkhamer, arXiv:1109.5671 [hep-ph].
[40] G. Amelino-Camelia, J. R. Ellis, N. E. Mavromatos and D. V. Nanopou-
los, Int. J. Mod. Phys. A 12, 607 (1997) [arXiv:hep-th/9605211].
[41] T. Li and D. V. Nanopoulos, “Background Dependent Lorentz Violation
from String Theory,” arXiv:1110.0451 [hep-ph].
[42] S. Mohanty and S. Rao, arXiv:1111.2725 [hep-ph].
[43] M. Li, D. Liu, J. Meng, T. Wang and L. Zhou, “Replaying neu-
trino bremsstrahlung with general dispersion relations,” arXiv:1111.3294
[hep-ph].
[44] Y. Huo, T. Li, Y. Liao, D. V. Nanopoulos and Y. Qi,atics,” “Constraints
on Neutrino Velocities Revisited,” arXiv:1112.0264 [hep-ph].
[45] F. Bezrukov and H. M. Lee, “Model dependence of the bremsstrahlung
effects from the superluminal neutrino at OPERA,” arXiv:1112.1299
[hep-ph].
[46] M. Mannarelli, M. Mitra, F. L. Villante and F. Vissani, arXiv:1112.0169
[hep-ph].
[47] A. Kostelecky and M. Mewes, arXiv:1112.6395 [hep-ph].
10
